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Abstract 



< 

r) ' We show connection formulae of local solutions of the Ramanujan 

equation between the origin and the infinity. These solutions are given 

by the Ramanujan function, the g-Airy function and the divergent 

basic hypergeometric series 2y'o(0, 0; — ;g, x). We use two different q- 

Borel-Laplace transformations to obtain our connection formulae. 



T^ ■ 1 Introduction 



In this papar, we show two essentially different connection formulae of some 
basic hypergeometric series between the origin and the infinity. In 1846, 

O ■ E. Heine [5] introduced the basic hypergeometric series 2V^i(a, 6; c; g,x) as 

^ ■ follows; 

2(^i(a,&;c;g,x):=^ "' '^" x", c ^ q-^\ (1) 



n>0 ^ 

Here, (a; q)n is the g-shifted factorial 



c;q)niq;q)r 



_^ I 1, n = 0, 

[a, q)n - I (1 _ a){l - ag) ... (1 - ag""^), n > 1, 

moreover, (a; q)oc ■= lim„^oo(a; q)n and 

(Oi, 02, ... , am', q)oD '■= [O'l] q)oo\0'2', q)oo ■ ■ ■ [O'm] Q'Joo- 
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The g-shifted factorial (a; g)„ is a g-analogue of the shifted factorial («)„; 

fl, n = 0, 

[ajn '■= \ 

[a{a + l)...{a + {n-l)}, n>l. 

The basic hypergeometric series ([T]) is a g-analogue of the hypergeometric 
series 2-Fi(a, /?; 7, -z)[3]; 

2F^ia,P;^,z):=l^^-^-^z. (2) 

n>0 ^ ' 

This series (|2]) has the following famous degeneration diagram 

Weber 



Gauss .- Kunimer Airy 

Bessel 

(3) 
Recently, Y. Ohyama [TT] shows that there exists "the digeneration dia- 
gram" of Heine's series ([T]) as follows: 

r{3) 



Ju ,- g-Airy 



2^i{a,b]c;z) — - i(fi{a;c]z)— — ^ JI , JuL..^,^^^ 

^\ Ramanujan 

iV3i(a;0;2)^ 

We remark that there exist three different g-Bessel functions Ju ,j = 1, 2, 3[2] 
and two g-analogues of the Airy function. In this point, this diagram is 
essentially different from the diagram ([3]). 

Ismail has pointed out that the Ramanujan function is one of g-analogues 
of the Airy function [6J. The Ramanujan function appears in the third iden- 
tity on p. 57 of Ramanujan's "Lost notebook" [12] as follows (with x replaced 
by g): 

AJ-a) = > — -V = IT 1 + :r -. 



where 

yi 



l-g)V^2(g)' 
1/2 = 0, 

3 v^ (2n+l)gZ"+l 

_ Q + <i l^n>0 l-g2n+l 

^^^ " (l-g)(l-g2)(l_g3)^2(^) - (1 - g)3^6(^) 

2/4 = 2/12/3, 



^(9) = X]^ 



i2^ 



(9;9^«> 



To be precise, the Ramanujan function is given by 



,-2 



n>0 ^^' ^^ 



n 
n 



This function satisfies the following second order linear g-difference equation; 

qxu{q^x) — u{qx) + u{x) = 0. (4) 

The equation (jl]) has another solution which is given by a divergent series 



(0,0;-;.-^)..,Mg^{,-.r,-P-}-'( 



Og{x)2(Po 



Here, 9q{-) is the theta function of Jacobi (see the section 2). 

An asymptotic formula for the Ramanujan function is obtained by M. E. H. Is- 
mail and C. Zhang as follows[7]; 

{qx,q/x;q^) 00 f^ 2 (1^\ q{q^x,l/x;q^)oo [^ 3 2 (f 

(5) 
From the viewpoint of connection problems on g-difference equations, we 
can regard the formula (J5]) as one of connection formulae of the Ramanujan 
function. 



The other g-analogue of the Airy function is known as the g-Airy function 
Ai5(-). The g-Airy function has found in the study of the second g-Painleve 
equation P]. The function Aig(-) is defined by 

V"~^ 1 (^ _^^ n(n-l) 

-q; (l)n{q; q)n 



n>0 



and satisfies the following g- difference equation 

u{q^x) + xu{qx) — u{x) = 0. (6) 

The other solution of the equation i^ around the origin is given by 

Ismail also has pointed out the Ramanujan function and the g-Airy function 
are different. But the relation between them has not known. In the section 
3, we give the connection formula between these functions with using the 
g-Borel-Laplace transformations of the second kind. 
Theorem For any x G C*, we have 

Connection problems on linear g-difference equations between the origin 
and the infinity are studied by G. D. Birkhoff [1]. The first example of the 
connection formula was found by G. N. Watson [H] in 1912. This formula is 
known as "Watson's formula for 2V^i(a, b; c; g, x)" as follows [2]; 

f , ^ {b,c/a;q)oc{ax,q/ax;q)oo , , ,, , , . 

I'-px (a, 6; c; g; x) = , , , , 1—^ — 2V5i [a, aq/c; aq/b; g; cq/abx) 

{a,c/b;q)^{bx,q/bx;q)oo ,u u i u i i u \ 

-2V5i (o, og/c; Og/a; g; cq/abx) . 



too 



{c,a/b;q)^{x,q/x;q)c 

(7) 

But other connection formulae had not found for a long time. Recently, 
C. Zhang gives connection formulae for some confluent type basic hyper- 
geometric series [151 [HI [13- ■'■^ [1S]> Zhang gives a connection formula of 

Jackson's first and second g-Bessel function Ju {x; q),{j = 1,2); 



and 

with using the g-Borel-Laplace transformations of the second kind B~ and 
C~. These transformations are defined for a formal power series f{x) = 
Zl„>o'^«^"' do = 1 as follow; 



1. The g-Borel transformation of the second kind is 

n ( Ti — 1 ) 

n>0 



n>0 

2. The g-Laplace transformation of the second kind is 

(^' «) (^)- 2^ !/«)«' (i)f- 

where r > is enough small number. 

In [9j and ^Q\, we obtained connection formulae of the Hahn-Exton q- 
Bessel function 



n>0 



JuH^-^q)-— / 'x ^''z^f^u+i.n^ ( ^) 



and the g-confiuent type basic hypergeometric function 



by these transformations. In section 3, we use these transformations to obtain 
connection formula between the Ramanujan function and the g-Airy function. 
On the other hand, the g-Borel-Laplace transformations of the first kind 
are defined for a formal power series as follow; 



1. The g-Borel transformation of the first kind is 

n>0 



/ I \ X > nirt — l) 

{Kf)(0--=Y.^nq-^^C{=:v{0) 



2. The g-Laplace transformation of the first kind is 

here, this transformation is given by Jackson's g-integral [2]. 

These two different types of g-Borel-Laplace transformations are introduced 
by J. Sauloy [13] and stusied by C. Zhang. We remark that each g-Borel 
transformation is formal inverse of each g-Laplace transformation, i.e.. 

The apphcation of the g-Borel-Laplace transformations of the first kind is 
found in [151 [13 • Zhang gives the connection formula of the divergent basic 
hypergeometric series 29^0 («) b; —]q, x) as follows; 
Theorem (Zhang, [TS]) For any x ^ C* , we have 

2fo{a,b;X,q,x) 

{h]q)oo 9q{a\)eq{qax/X) _ (^ n. ^^ . ^ ^ 



-2V5i a,0;— ;g, — - 
V abx / 



(6/a;g)oo Og{X) 6q{X/x 

{a;q)oo 6g{bX)eg{qbx/X) ( ^ r. ^Q Q 

-2(pi 0, U; — ; g. 



(a/6; g)oo Gq{X) 6q{X/x) \ ' ' a' ' abx ^ 

where A G C* \ {-g"; n G Z}. 

Here, 2fo{0',b; X,q,x) in the left-hand side is the g-Borel-Laplace trans- 
form of the function 2V^o('2, b; —]q,x). But other application of this method 
(of the first kind ) has not known. In the section 4, we show the connection 
formula of the divergent series 

El C n(n-l) ~) -1 

n>0 ^^' ^^" 

This formula is given by the following theorem; 
Theorem For any x G C* \ [—A; q], 



X \ 6'g(x)6'q2 ( -— ) / g2 

dqix)2fo ( 0, 0; -; g, = (g; g)oo ^— r --iV'i 0; g; g^ 



(g;g)^ ^.(^K-(-^) A ^. 3 , ^^ 



2 Basic notations 

In this section, we review our notations. We assume that g G C* satisfies 
< |g| < 1. The g-shifted operator aq is given by (Tqf{x) = f\qx). For any 
fixed A G C* \ g^, the set [A; g] -spiral is [A; g] := Ag^ = {Ag^ fc G Z}. The 
(generahzed) basic hypergeometric series rV's(ai, . . . , a,-; 6i, . . . , hs] g, x) is 



r.^s{ai,. . . ,ar;bi,. . .,bs;q,x) 

(Qi,- 
(6i,...,6,;g)„(g;g) 



-E j'''-,:::;:tJ i-^r.^y'"^. 



n>0 



This series has radius of convergence oo, 1 or according to whether r — s < 
l,r — s = loTr — s>l (see p] for further details). In connection problems, 
the theta function of Jacobi is important. This function is defined by 



^g(x) :=^g^^^^a;'^, x e C* 



n& 



We denote ^q(-) or more shortly Q[-\ The theta function has the following 
properties; 

1. Jacobi's triple product identity is 

^q{^) = [Q^-x, — ;g) • 

V X ' oo 

2. The g-difference equation which the theta function satisfies; 

Qq{(tx) = q-^^^^x~^eq{x), VA; G Z. 

3. The inversion formula; 

\x J X 

We remark that the function 6{~Xx)/6{Xx), A G C* satisfies a g-difference 
equation 

u{qx) = —u{x) 

■ f log X \ 

which is also satisfied by the function u{x) = e^^^^^°s^' . 



3 Two types of the g^-analogue of the Airy 
function and the connection formula 

There are two different g-analogue of tlie Airy function. One is called the 
Ramanujan function which appears in [12]. Ismail |6j pointed out that the 
Ramanujan function can be considered as a g- analogue of the Airy function. 
The other one is called the g-Airy function which is obtained by K. Kajiwara, 
T. Masuda, M. Noumi, Y. Ohta and Y. Yamada [8] . In this section, we see 
the properties of these functions. We explain the reason why they are called 
g-analogue of the Airy function and we show g-difference equations which 
they satisfy. 

3.1 The Ramanujan function Aq{x) 

The Ramanujan function appears in Ramanujan's "Lost notebook" [12j. Is- 
mail has pointed out that the Ramanujan function can be considered as 
a g-analogue of the Airy function. The Ramanujan function is defined by 
following convergent series; 



o2 



Ag(x) := V ^(-x)" = o<^i(-; 0; g, -gx). 

In the theory of ordinary differencial equations, the term Plancherel- 
Rotach asymptotics refers to asymptotics around the largest and smallest 
zeros. With x = ^2n + 1 — 2'^'i'^n^t and for t G C, the Plancherel-Rotach 
asymptotic formula for Hermite polynomials Hn{x) is 



lim 3 if„(x)=Ai(t). (8) 

n-++oo 337r~422 + 4 Vn! 

In [6], Ismail shows the g-analogue of (jH]); 

Proposition 1. One can get 

g"' /I 

where e^" = tq 2 . 



Here, hn{-\q) is the g-Hermite polynomial. In this sense, we can deal with 
the Ramanujan function Ag(x) as a g-analogue of the Airy function. The 
Ramanujan function satisfies the following g-diference equation; 

(gxaj - (Tg + 1) u{x) = 0. (9) 

Remark 1. We remark that another solution of the equation ^ is given by 

u{x) = 9{x)2'fQ{0, 0; -; g, -x/q). 

Here, 

n(n-l) ^ -1 / X 



,.„(0.0;-;,.-£)^X:(^ {(-!)"« 



n>0 ^-" ■"" ^ ^ 

is a divergent series. 

3.2 The g-Airy function Aiq{x) 

The g-Airy function is found by K. Kajiwara, T. Masuda, M. Noumi, Y. 
Ohta and Y. Yamada [8], in their study of the g-Painleve equations. This 
function is the special solution of the second g-Painleve equations and given 
by the following series 

Ai,(x) := J2 7 — ^—T- {i-^n"^^] i-^r = iV'ilO; -q; g, -x). 



n>0 



T. Hamamoto, K. Kajiwara, N. S. Witte jl] proved following asymptotic 
expansions; 

Proposition 2. With q = e ^ , x = —2ie~i^ as 5 — ?■ 0, 



i(^i(0; -g; g, -qx) = 271^5-^6'^^) '°^+l2jJ^+T2 Ai ( se" j + 0{6' 

m{0; -q; q, qx) = 27r^r ^e-(^) '-^-(fD-fi [aI (se-f ) + 0{6' 
for s in any compact domain of C 



Here, Ai(-) is the Airy function. From this proposition, we can regard the 
g-Airy function as a g-analogue of the Airy function. 

We can easily check out that the g-Airy function satisfies the second order 
hnear g-difference equation 

{al + xaq - 1) u{x) = 0. (10) 

Another solution of the equation fITOl) is given by 

u{x) = e'^*^i°g^''i(y9i(0; —q; q, x) = e'^*^i°s9/ Aig(— x). 

3.3 Covering transformations 

We define a covering transformation of a second order linear g-difference 
equation. 

Definition 1. For a q- difference equation 

a{x)u{(f'x) + h{x)u{qx) + c{x)u{x) = 0, (11) 

we define the covering transformation as follows 

t^ := X, v{t) := u{f), p := ^/q. 

The covering transform of the equation ( iTTl) is given by 

a{t^)v{ph) + b{t^)v{pt) + c{t'^)v{t) = 0. 

By the covering transformation, the equation 

[K ■ xal - o-g + l) u{x) = 

is transformed to 

{K ■ t'al - ap + 1) v{t) = 0, (12) 

where K is & fixed constant in C*. 
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3.4 The g-Airy equation around the infinity 



We consider the behavior of the equation flTO|) around the infinity. We set 
X = 1/t and z{t) = u{l/t). Then z{t) satisfies 



We set £{t) = l/6{—qH) and /(t) = X]n>o'^n^"' '^o = 1- We assume that 
z{t) can be described as 



z{t) = £{t)f{t) = -^ 



^(S""4 



The function £{t) has the following property; 
Lemma 1. For any t E C* , 

a,S{t) = -qH£(t), al£{t) = qH^£{t). 

From this lemma, f{t) satisfies the following equation 

(-g^tVJ -a, + l) fit) = 0. (13) 

Since flT3l) is the same as flT2l) for K = —q^, we obtain 

/(t)=o^i(-;0;g2,g¥) = A,.(-g3t2). 

We show a connection formula for f{t). In order to obtain a connection 
formula, we need the g-Borel transformation and the g-Laplace transforma- 
tion following Zhang [T6] . 



3.5 The g-Borel transformation and the g'-Laplace trans- 
formation 

Definition 2. For f{t) = Yln>o^nt^' ^^^ q-Borel transformation is defined 
by 

/ \ ^ ^ n(n—l) 

g{r) = {B;f)iT):=J2^nq-^T-, 

n>0 

and the q-Laplace transformation is given by 



11 



The g-Borel transformation can be considered as a formal inverse of the 
g-Laplace transformation. 

Lemma 2. For any entire function f , 

C^ o B-f = f. 

Proof. We can prove this lemma calculating residues of the g-Laplace trans- 
formation around the origin. D 

The g-Borel transformation has following operational relation; 

Lemma 3. For any l,m & Z>Oj 

1 ^ m(m — l) J 

i3q [t (^q) = q 2 r ag Bg . 

3.6 The connection formula of the g-Airy function 

Applying the g-Borel transformation in 13.51 to the equation flT^ and using 
lemma El we obtain the first order g-difference equation 

g{qT) = {l + q'r){l-q\)g{r). 

Since ^'(0) = 1, gi^r) is given by an infinite product 

which has single poles at 

{r;r = ±g-2~fc^ VA; G Z>o} . 
By Cauchy's residue theorem, the g-Laplace transform of g{T) is 

2vr2 J|^|=^ \tJ t 



fc>0 '^ ^ ^ 

-5^ResL(r)^(; 



\T = q 

.T~ J T 
fe>0 



where < r < tq := 1/|5'^|. We can culculate the residue from lemma HI 
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Lemma 4. For any k E N, X E C* , one can get; 



,, Res^^^l^i:. = A,-1 (-1)"'' 



k+1, M^±i) 



(Ag-'';g)oo (A;g)oo(g/A;g)fc' 
Summing up all of residues, we obtain 

Oiq^t) ( i\ Q{-qH) ( 1 

We obtain a connection formula for zif) = £{t)f{t). Finally, we acquire 
the following connection formula between the Ramanujan function and the 
g-Airy function. 

Theorem 1. For any x E C* , 



q,3 



V ( -^ ) - TTT^ {» (^) A'«(-) + " (i) A'.(-)} ■ 



x^/ (g. 

Here, both Ag(x) and Aig(a;) are defined by convergent series on whole of 
the complex plain. The connection formula above is valid for any x G C*. 

4 Connection formula of the divergent series 

2(/?o(0,0;-;^, •) 

In this section, we show a connection formula of the divergent series 2V'o- 
This series appears in the second solution of the Ramanujan equation (^. 
At first, we review two g-exponential functions to consider our connection 
formula. 

4.1 Two different g-exponential functions 

In this section, we review two different g-exponential functions from the 
viewpoint of the connection problems. One of the g-exponential function 
eq{x) is given by 

eq{x) := iv?o(0;-;g,x) = J^ 



n>o^^'^)"' 
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The other g-exponential function Eg{x) is 

Eq{x) := ov^o(-; -; q, -x) = Y^ 



x'\ 



<i ^ .,n 



(?;g) 



n>0 

The function eq{x) satisfies the following first order g-difference equation 

{(Tg — {1 — x)} u{x) = 

and Eg{x) satisfies 

{(1 +x)ag- l}u{x) = 0. 

The limit g — )> 1 — converges the exponential function 

lim Cq {x{l — q)) = hm Eg {x{l — q)) = e^. 

In this sense, these functions considered as g-analogues of the exponential 
function. It is known that there exists the relation between these functions: 

eg{x)Eq{-x) = 1, eq-i{x) = Eq{-qx). 

But another relation has not known. We show the connection formula be- 
tween them and give alternate representation of eq(-). 

4.2 The connection formula and alternate representa- 
tion 

At first, we show the following connection formula between eq{-) and Eq{-). 
Theorem 2. For any x e C* \[l;q], 



e (x) = ^Sl3}^E (- 



where |x| < 1. 

Proof. The function eq{x) and Eq{x) have infinite product as follows: 

1 
{x;q)oo 
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and 

Eg{x) = (-x;g)oo. 

We remark that eg{x) can be described as 



Q \ (?;?)oo^ / q 



where |x| < 1. We obtain the conclusion. D 

Therefore, these g-exponential functions are related by the connection 
formula between the origin and the infinity. If we replace x by x/q, we obtain 
the following lemma. This is useful to consider the connection problem in 
the last section. 

Lemma 5. For any x G C* \ [l',q], the function eq{x/q) has the following 
alternate representation. 

x\ {q;q)oo f 2 q^\ {q;q)oo q^ f 3 2 q'^ 

- = — 7 — vo^i -; 9; ? ' — 7 — \n — ro'^i -; 9 ; 9 , — 

qj -^] V X J e (-£]U-^^ V a;2 



Proof. From theorem [21 

fr, x\ {q;q)oo j^ [ q^\ (g;g)oo ( q^ 

"° r -'• '' -,) = -^i^^' l"r ^i^°^° [-•-•'' ^ 

Here, 

and we remark that {a;q)2k = {o,,o,q',q'^)k^- By separating the terms with 
even and odd k > 0, we obtain the conclusion. D 

4.3 The connection formula of the series 2<y^o(0, 0; — ; g, •) 
The aim of this section is to give a proof for the following theorem; 
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Theorem 3. For any x E C* \ [—A; q], 



Oq{x)2fo I 0, 0; -; g, — ) = (g; g)oo — ^— r ^iV'i I 0; q; g^ — 1 



^ (-f ) ^. (^) 






X \ X 



We define the g-Borel-Laplace transformations of the first kind to obtain 
the connection formula between the origin and the infinity. 

Definition 3. For any analytic function f(x), the q-Borel transformation of 
the first kind B^ is 



(B,V)«):=E<'"9'^«"=^'^K). 



ngZ ^1\ X ) 



n>0 

the q-Laplace transformation of the first kind C'^ is 

^(Ag") 

We remark that the g-Borel transformation B^ is formal inverse of the 
g-Laplace transformation C^ as follows; 

Lemma 6. For any entire function f{x), we have 

£+ o B^f = f. 

We give the proof of theorem |3l 

Proof. We apply the g-Borel transformation B'^ to the divergent series v{x) = 
2V5o(0, 0; — ; q, —x/q). We obtain 

(S»(0 = i^o(o;-;g,^^ =: ^(0- 
From lemma El 
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where |^/g| < 1. 

We apply the g-Laplace transformation £+ to '^{^): 

( \n^ 

nGZ ^1\ X ) nGlL ^^\ x I 



jiGZ '^ \ X / nei 

/■ \ / \ 2 \ ri—m 



E 9 (n-m)(n-m-l) / 






^9 (~tj ^9 (^) "-'"G^; ^ '^^ ' 



m>0 



/ ^ / On rnfm — 1) . ^^ 



2 , ^, ^ / \2 \ n-m 



iQ]Q)oO q \-^ I 2 (n~m)(n-m-l) 



E 9 (n~m)(u-m-l) / 



n—md " ^ 






^ {q^,q^;q^)m \x 



Therefore, 



2/0 ( 0, 0; -; g, -^ j = £+ o i3+2V^o f 0, 0; -; g, -^ 



We obtain the conclusion. D 
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